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Abstract 

This paper contains a proof of Manin's conjecture for the singular cubic 
surface S C P 3 with a singularity of type Eg, defined by the equation 
X1X2 + X2Xq + si = 0. If U is the open subset of S obtained by deleting 
the unique line from S, then the number of rational points in U with 
anticanonical height bounded by B behaves asymptotically as c\B(log B) a , 
where the constant c agrees with the one conjectured by Peyre. 

1 Introduction 

Let S be a Del Pezzo surface, possibly singular. If its set of rational points S(Q) 
is non-empty, then it is dense in the Zariski topology, and it is natural to ask for 
the asymptotic behaviour of the number of rational points of bounded height. 

If S contains lines defined over Q then the number of rational points of 
bounded height on these dominates the number of rational points in their com- 
plement U C S. Therefore, one is mainly interested in rational points in U. 

In this situation, Manin has formulated a far-reaching conjecture for the 
behaviour of the counting function 

Nu,h(B) ■= #{* G U(Q) I H(x) < B}, 

where H is an exponential height I'M I S!) . ^HMSSJ- In the special case, when 
H is associated to the anticanonical embedding of S, the conjecture states that 

N UM (B) ~cB(logB) r , 

where r depends only on the geometry of S. A conjectural interpretation of c 
was later given by Peyre |Pey95| . 

In recent years, Manin's conjecture has been proved for several classes of 
algebraic varieties. Batyrev and Tschinkel proved it for toric varieties BT98 , 
in particular for all Del Pezzo surfaces of degree ^ 6. For smooth Del Pezzo 
surfaces of degree 5, it was proved by de la Breteche (dlB02l[ in the split case (i.e., 
with geometric Picard group defined over Q) and later together with Fouvry in 
several non-split cases dlBF04. . In degree 4, it has been established recently 
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in the case of a split surface with a D5-singularity dlBB04| and a non-split 
surface with a D4-singularity dlBB05]. In degree 3, apart from the singular 
toric surfaces, Manin's conjecture and its refinement by Peyre have not yet 
been established. The best progress so far are upper and lower bounds of the 
right order of magnitude proved by Heath-Brown in case of the Cayley cubic 
HB03 , and by Browning for a surface with a singularity of type D4 |Bro04| . 

Manin's conjecture seems to be more difficult for surfaces of lower degree 
or with fewer singularities. The best general upper bound for Nu^h(B) for a 
smooth cubic surface is B 4 / 3+e , given by Heath-Brown |HB97| . |HB98j . 

We prove Manin's conjecture in the case of a cubic surface with a singularity 
of type E 6 : 

S = {x = (x : x x : x 2 : x 3 ) £ P 3 | / (x) = x x x\ + x 2 x% + x% = 0} (1.1) 

Here, Eg refers to the Dynkin diagram describing the intersections of exceptional 
divisors in the minimal desingularization S of S. 

Theorem 1. Let S be the cubic surface with an Eg- singularity as above and 
let H be the associated height. Let U := S \ £, where £ = {x 2 = X3 = 0} is the 
unique line on S. 
Then 

N U>H (B) = c s , H BQ(logB) + 0(B(logB) 2 ), 

where Q is a monic polynomial of degree 6, and the leading constant cs,h is the 
one conjectured by Peyre \Pey9&j . 

The invariants appearing in Manin's conjecture and Peyre's constant cs,h 
are calculated in Section [3 

The proof follows the strategy of de la Breteche and Browning dlBB04 and 
uses the universal torsor. The passage to the universal torsor was introduced 
by Colliot-Thelene and Sansuc in their investigations of the Hasse principle on 
Del Pezzo surfaces |CTS76) . |CTS87| . Salberger proposed using torsors in the 
study of rational points of bounded height |Sal98| . see also |Pey98| , |Pey04| . For 
our particular surface, the universal torsor has been calculated by Hassett and 
Tschinkel using the Cox ring; the torsor is a hypersurface in the 10-dimensional 
affine space |HT04j . In addition to the equation defining the torsor we need 
to derive certain coprimality conditions between the coordinates. In Section 
we compute the torsor and determine these conditions following the more di- 
rect approach of Heath-Brown, Browning and de la Breteche jHB03j . Bro04 . 
dlBBOl. 

The next step is to count the number of integral points on the universal 
torsor subject to certain bounds, given by lifting the height function to the 
torsor, and satisfying the coprimality conditions. For three of the ten variables 
on the torsor, this summation is done in Section by elementary methods 
from analytic number theory. The summation over the last seven variables, 
completing the proof of Theorem ^ is carried out in Section [H] 

During the final preparation of this paper, I was informed by M. Joyce 
(Brown University) that similar results towards Manin's conjecture for certain 
cubic surfaces will appear in his thesis. 
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2 Manin's Conjecture 

In this section, we calculate the invariants appearing in Manin's conjecture and 
its refinement by Peyre. We use the notation from |Pey95| . 

Lemma 2. Manin's conjecture predicts in case of S as defined in i|l.lf> : 

N UlH (B) ~c s ,hB (logS) 6 , 
where cs,h — cx(S)P(S)u>h(S) with 

f& 1 1 1 

a{b) 



6!]l l A l 6! -2-3-4-3-4-5-6 6220800' 
(3(S) := 1, 
u> H (S) := uJoo ■ wo, 

A = (Ai, A 2 , A 3 , Xt, A 4 , A 5 , A 6 ) := (2, 3, 4, 3, 4, 5, 6), 
ujoo :— 6 / / / ldtdudv, 



^0 =n 



UJ.„ 



Vi 
P 

uj p :=(l--) ( 1 + - + i 

V pJ \ p p 



Proof. The line £ and all exceptional divisors Fi , . . . , F§ of the desingularization 
S -> S are defined over Q. Thus, rkPic(S) = 7. By |HT04j . the effective cone is 
generated by the classes of £ and the exceptional divisors. The dual cone ofnef 
divisors is also simplicial (i.e., the number of generators is equal to rkPic(5)), 
and 

-Kg = 2Fi + 3F 2 + 4F 3 + U + 4^4 + 5^5 + 6F 6 . 

Note that A = -K$ G Pic(S) Z 7 , in the basis {F 1 ,F 2 ,F 3 ,£, F 4 , F 5 ,F 6 }. 
Using the definition, we calculate 



a(S) = Voli {ti^hMMMM) e 



\ 7 



S A ^ = 1 } = 677TTT 

ie{l,2,3^,4,5,6} J °' [U Al 



The surface S is split over Q, so that 



3 



By definition, 

lu h (S) = lim((s - l) rkPic ^ 



Ha - 1)*" '^">L(s, PicfS)))^ TT Up = . 



where, in our case, 

lim((s - l) rkPic(5) L(s,Pic(5 ; )) = limffs - l) 7 C(s) 7 ) = 1 

S— >1 S— >1 

and 

L^PiciS))- 1 = (1-1/p) 7 . 

We use Peyre's method Pey95 to compute and parametrize the points 
by writing x\ as a function of xq, X2, X3. Since x = — x in P 3 , we may assume 
X2 ^ 0. Since -^-f — x 2 , the Leray form u>l(S) is given by x^" 2 dxo dx3 dx2, 

and we obtain ^^(S) from 

x 2 2 dxo dxs dx2, 

{|a |<l,|a:i" 2 (x2xg+x|)|<l,0^K2<l,|a:3l^l} 

using the transformations 

, 1/2 2/3 6 

Xo = IX 2 , X3 = UX 2 , X2 = V . 

The calculation of w p is done as in Lemma 1 of dlBB04 and we omit it here. □ 

3 The Universal Torsor 

The universal torsor T = Spec(Q[£i, £2, £3, 6, £e, n, t 2 , 7j]/(T(&, r;))) is 
given by the equation 

r 4 ) = TfiUlk + + Tf&& = (3.1) 
and the map $ : T — > S = Spec(k[xo, . . . , ^/(/(x))) defined by 

**(z ) = ^(1,2,2,0,1,2,3)^ 

**(afi) = n 

**( X2 ) =^(2,3,4,3,4,5,6) 
**( S3 ) = e (2,2,3,l,2,3,4) n 



(3.2) 



where we use the notation ^(«i,™2,n 3 ,n f ,n 4 ,n 5 ,n 6 ) ._ ^ Q'^ 4 ^ 6 ■ Note 
that **(x 2 ) = £ A with A e Z 7 as in Lemma 

We want to establish a bijection between rational points on the surface S 
and integral points on the torsor T which are subject to certain coprimality 
conditions. 

More precisely, the coprimality conditions can be summarized in the follow- 
ing table, where a "— " means that the two variables are coprime, and a "x" that 
they may have common factors. For a variable combined with itself, "— " means 
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that each prime occurs at most once, and "x" means that it may occur more 
often. 
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Later, we will refer to the 

coprimality conditions between fi, . . . , £e as given in the table (3-3) 

Because of the torsor equation T, we can write the coprimality conditions for n 
equivalently as 

gcd(Ti,66&&&&) = l (3-4) 

and 

gcd(75,&&) = l, gcd(7j,&&&) = l. (3.5) 
The goal of this section is the following result: 

Proposition 3. The map ^ induces a bijection between 

Ti ■= {(ti,Ti) e T(Z) I ipO|i . (33) , (TT51) > 0} 

and J7(Q) C 5(Q). 

The proof of this is split into two parts. First, we establish a similar bijection 
with slightly different coprimality conditions: 

Lemma 4. Let T2 be set of all (£j,Tj) G 1~(Z) such that ^ > and the copri- 
mality conditions described by the table hold, except that the conditions 

gcd(£ 3 ,ri) = 1 and gcd(£ 6 ,Ti) = 1 (3.6) 

in the table are replaced by 

M£i)\ = l and gcd(&,6)=l. (3.7) 

Then the map $ induces a bijection between 7~2 and U(Q) C S(Q). 

Proof. Using the method of dlBB04 , we now show that the coprimality condi- 
tions lead to a bijection. 

We go through a series of coprimality considerations and replace the original 
variables by products of new ones which fulfill certain conditions. When doing 
this, the new variables will be uniquely determined. 

Since x = —x, and xi — is equivalent to x € i, we can write each x £ U (Q) 
uniquely such that Xi £ Z, x 2 > 0, and gcd(xi) = 1. 
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• Note that a^l^l- Write x 2 — y\y\y\ with j/i G Z>o, where each triple 
occurrence of a prime factor of 23 is put in 1/3 and each double occurrence 
in 2/2 j so that 2/1,2/2,2/3 are unique if we assume | £1(2/12/2)! = 1< Then 
• T 3 = V\V2Vzz must hold for a suitable z G Z. Substituting into / and 
dividing by y\y\y% gives 

fl(x , £1,2/1,2/2,2/3,2) = ^12/12/22/1 + + 2/iW 3 = 0. 

• Now yiy 2 \x%, and since |/i(2/i2/2)| = 1, we have 2/i2/2No- Write x = yiy 2 w, 
where w G Z. Substituting and dividing by 2/12/2, we obtain 

f2(xi,yi,y 2 ,y3,z,w) = x x y 2 yl + w 2 y x y 2 +yiz 3 = 0. 

• Since y 2 \yiz 3 and | A*(3/x 2/2 ) | = 1, we must have y 2 \z. Write z = y 2 z' , where 
z' G Z, and obtain, after dividing by 2/2, the relation 

/3<>i, 2/1,2/2, 2/3, w,z') = zu/f + w 2 yi +yiylz' z = 0. 

• Since 2/1 divides our original variables xq,x 2 ,X3, it cannot divide x\. To- 
gether with |/i(2/i)| = 1, the fact 2/ikiyI implies j/x I2/3- Write 2/3 = 2/12/3' 
where 2/3 G Z>o and obtain 

f4{xi,yi,y 2 ,w,z',y' 3 ) = x x y\yf + w 2 +y 2 z' s = 

• Let a = gcd(y' 3 ,z') G Z>o and write 2/3 = ay'3, where 2/3 G Z>o and 
z' = az", where z" G Z. This gives 

t I 11 11 \ 2 113 3 1 2 1 2 / 3 n 

J5(xi,yi,y 2 ,w,z ,2/ 3 ,aJ = a?i2/i2/ 3 a + w +2/ 2 ^a =0. 

• Now a 3 |tu 2 . Writing a = ^^2, where £2, £6 € ^>o with |/i(^2)| = 1, gives 
u> = u/£f£l> where w' G Z leading to the equation 

A(H, 2/1, 2/2, as", 2/3 . «A 6. &) = a;i2/i2/3 3 + ™% + 2/ 2 V 3 - 0. 

• Let £5 = gcd(2/ 3 , if/) G Z>o and write 2/3 = £e£s, where & G Z>o and 
w' = w"£ 5 , with w" G Z. Then 

WH, 2/1, 2/2, «/', 6, 6, C5,€e) = Zi2/iV£l + ™'%£ 5 2 + 2/2 2 ^" 3 = 0. 

• Since gcd(y'^,z") — 1, also gcd(£^5,z") = 1. Therefore, £, 2 \y 2 , which 
means ^5 1 2/2 , and we write y 2 = £i£s, with £1 G Z>o. We obtain 

/ 8 (n , 2/1, z", «/', &, so = am/?e« 3 €6 + w" 2 6 + ejv 3 = 0. 

• Let £3 = gcd(u/',2/i) e Z >0 . Since |/t(yi2/2)| = 1, we have gcd(£i,£ 3 ) = 1. 
Therefore, £,3\z" 3 and even £s|z". Write w" = t 2 ^, where t 2 G Z, 2/1 = 
£4^3 , where £4 G Z>o, and z" = ri^3, where t% G Z. Replacing x\ = T(, 
where rg G Z, we get 

/ 9 (&, 6, &, 6, a, n, r 2 , t<) = r^ 3 £f & + t|& + Tfc 2 6 = 0. 
This is the torsor equation T(£i,Tj) as in 
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The substitutions lead to xq, . . . , X3 in terms of £j, Tj as in (|3.2[1 . Conversely, 
it is easy to check that each (£i,7i) satisfying T is mapped by ^ to a point 
x e S(Q). Note that £j 6 Z>o and Tj € Z. Furthermore, the coprimality 
conditions we introduced impose the following conditions on r%: 

Hvm)\ = K&£a£*&)l = 1, K6)l = i, gcdfa.fc) = 1, 

gcd(y 3 ',z") = gcd(^C5,nC 3 ) = 1, gcdfeX') = gcd(&,T 2 &) = 1. 

The condition gcd(:Ei) = 1 is equivalent to gcd(r^, ^i^2^3^4^5^6) = 1- 

We obtain gcd(£ 2 , £3) = 1 in the following manner: If p|£ 2 , £3 for some prime 
p, then p|if£|£|£5 by the torsor equation T. On the other hand, a divisor of 
£3 cannot divide any of the factors by the coprimality conditions we found. 
Similarly, we conclude gcd(£ 3 , r 2 ) = gcd(£i,r 2 ) = gcd(£ 2 , £5) = gcd(£ 5 , r 2 ) = 1. 

Finally, if a prime p divides two of £ 2 ,£4,ti, we see using T that p must 
divide all of them. Since |/x(£ 2 )| = 1 and p 2 |Te£f£f£ 5 + rf £^£3, we conclude p|r 2 
which is impossible since gcd(r 2 ,^4) = 1. Therefore, £ 2 ,£4,Ti must be pairwise 
coprime. In the same way we derive that no two of £i,£ 2 ,& have a common 
factor. 

It is easy to check that we cannot derive any other coprimality condition 
because we could construct a solution to T violating it. 

Note that the conditions on (£j,Tj) are exactly the ones given in the defi- 
nition of Ti. Since in every step the newly introduced variables are uniquely 
determined, we have established a bijection between U(Q) and Tj. □ 

The following Lemma is the second step towards the proof of Proposition 
Lemma 5. There is a bijection between 71 and 7^. 

Proof. Given a point (£i) r j) £ T~2 violating l|3.6|) . we could replace a common 
prime factor p of £ 3 , £g and t[ by powers of p as factors of and possibly £3 
such that l|3.6|) holds. This way, we obtain a point rj) £ 71. This should be 
done in a way such that \& maps Tj) and rj) to the same point x S E/(Q), 
and such that we have an inverse map, taking care of the conditions (|3.7|) . 

Let (£,i,Tj) £ 71 and (£i,rj) S 7^. Decompose the coordinates into their 
prime factors: Let 

e^ny*"' and ^ny 4 * r i=n^ p ' 

P P P P 

where i £ {1,2,3,^,4,5,6} and j E {1,2,£}. Note that translates to 

(riip,mjp) fulfilling n 3p = uq p = or m\p — 0, and that (|3.7|l means that 
(n'f firij ) must fulfill n' lp + n' 3p < 1. Furthermore, n 3pi n' 3p £ {0,1} always 
holds. 

Define the map 

$': T 2 -» 71 

where rij p := for z € {2, £, 4, 5} and mj P := for j € {2, ^}, and the values 
of Ti\p : n 3 p : n§p , m\p depend on the size of n'gp compared to rn'i p , whether Tn^ p 
is even or odd, and whether n' 3p is or 1: 

• If m' lp = 2k + l,n' 6p > k + l,n 3p — 0, then 

(nip, n 3p , n 6p , mi p ) := (n' lp + 3fc + 1, l,n' 6p - k - l,m' lp -2k- 1); 
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• if m' lp = 2k + 1, n' 6p > k + 1, n' 3p = 1 or n' 6p = k, m' lp > 2k, n 3p — 1, then 

(nip, n 3p , n 6p , m lp ) := (n' lp + 3fc + 2, 0, n 6p - fc, m' lp - 2k - 1); 

• otherwise, with n' 6p = k, m' lp > 2k, n' 3p — or m' lp = 2k, n' 6p ^ k: 

(nip, n 3p , n ep , m lp ) := (n' lp + 3k, n' 3p , n' %p - k, m' lp - 2k). 

Conversely, define 

Ti -► T 2 

&,7i) ~ (e;,rj), 

where n^ p := for i s {2, £, 4, 5} and := rrij P for j S {2, £}, and the values 
of Tii p , n' 3p , tiq p , Tn'i p depend on n\ p modulo 3 and whether n 3p is or 1: 

• If nip £ {3fc + 1, 3k + 2} and n 3p = 1, then 

(n' lp ,n' 3p ,n' 6p ,m' lp ) := (n lp -3k- 1,0, n 6p + k + l,m lp + 2k + 1); 

• if ni p = 3k + 2 and n 3p = 0, then 

i n i P -> n'api n' 6p , m' lp ) := (n lp -3k -2, 1, n 6p + fc, m ip + 2k + 1); 

• otherwise, with ri\ p £ {3fc,3fc + 1}: 

(n'ip, n 3p , rtg p , m' lp ) := (n lp - 3fc, n 3 p, n 6p + k, m lp + 2k). 

It is not difficult to check that <J> and $' are well-defined, that (£i,Tj) e ^"(Z) 
and (^,t.-) € T(Z) correspond to the same point x G t/(Q) under the map 
and that $ and are inverse to each other. □ 

Together, Lemma 0] and Lemma |S] prove Proposition [3J 

4 Congruences 

We will use the following results from Chapter 3 of d'.ISBlM] on the number of 
solutions of linear and quadratic congruences. 

Let rj(a; q) be the number of positive integers n ^ q such that n 2 = a (mod q). 
Then by equation (3.1) of dlBB04|. we have for any q € Z>o 

n{a;q)^2^\ (4.1) 

where ui(q) is the number of distinct prime factors of q. Let $ be an arithmetic 
function such that 

00 

£l(0* M )(d)|<oo, 

where 1? * ^ is the usual Dirichlct convolution. 

Lemma 6. Let a,q £ Z suc/i t/iai (7 > cmrf gcd(a, (?) = 1. XTien 

,00 / oc \ 

E *(») = - E (<? + £|(i?*A*)(d)l ■ 

n^t " (2=1 \d=l / 

n=a (mod g) gcd(d,g)=l 
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Proof. This is the case K = of Lemma 2 of dlBB04j . □ 

Let ip(t) = {t} — 1/2 where {t} is the fractional part of t G M. Let ip(t) = 
tp(t) + 1 for £ e Z and ^(t) = ?/;(£) otherwise. 

Lemma 7. Let a, g 6 Z, where q > and gcd(a, g) = 1. Let 61,62 £ R wii/i 
61 ^ 62 • 27ien 

#{n I 61 < n 6 2 ,7i = a (mod g)} = ^ 2 - ^ + r(6i, 6 2 ; a, g), 

w/iere 

r(6i,6 2 ;a,g) — — - ) - ip 



Proof. This is a slight generalization of Lemma 3 of dlBB04 . □ 

Lemma 8. Let e > and t 0. Let a, g G Z swc/i </iat g > and gcd(a, g) = 1. 
TTien 

£ ^ « eg l/2+e and £ ^^^!") <<e(Z l/2 +£ . 

o^e<g \ Q / 0sSe<q \ Q / 

gcd(e,(j)=i gcd(g,ij)=i 

Proof. For ?/>, this is Lemma 5 of jdlBB04| . 

Note that if t = agf (mod g) for i <E {1,2}, then g\ = ±g 2 (mod g), which 
implies that there are at most two different values for g with ^ g < q such 
that (t — ag 2 )/q is integral. Therefore, the sum for tp differs from the one for i/j 
by at most 2. □ 



5 Summations 



Note that ti is determined uniquely by T and the other variables once a certain 
congruence is fulfilled. Therefore, our strategy is first to compute the number 
of possible t 2 depending on t\ , £j such that there exists a unique ti satisfying 
T. By summing over n, the number of possible is then computed depending 
on £i. The summation over the variables £j is finally handled using the height 
zeta function. 
Let 



(-2,0,-1,3,2,1,0)^1/3 



X 2 = (B£ 



(0,-1,0, 3,2,1, 0)\l/2 



and 



X = (B~ 1 ^ 2 ' 3A ' 3 ' i ' 5 ' 6 ' ) ) 1 ^. 
Then the height conditions \xi\ ^ B lift to 

2 



^ 1, 



and 



J2_ 

x 2 



IXnl ^ 1, 



n 
x 1 



s£ 1, 



(5.1) 
(5.2) 
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and 



«S 1, 



(5.3) 



respectively. 

Using Proposition [3] we can now relate the counting of rational points of 
bounded height on U C 5 to a count on the torsor. 



Lemma 9. We have 
N UiH (B)=#\(Z i , n )eT(Z) 



ipO)i . ipHji . (|3~5| . (IB~T|) . if5~^|i . Md, 



5.1 Summation over T2 and 

Let £i, T\ satisfy the coprimality conditions (|3.3|) . (|3.4[) and the height conditions 
(|5.2() and i|5.3[l . Let N = N(£i, T\) be the number of pairs (r 2 , ti) such that l|3.5[l . 
()5.1(l and the torsor equation T are fulfilled. Then a Mobius inversion gives 

where N kt has the same definition as N except that gcd(r^ , £4 £5 = 1 is re- 
placed by the condition kg\r£, and T is replaced by 

T kl n, hi) = k t T t §&& + r 2 2 6 + 7f£& = o. 

Note that r 2 together with T ki defines Tg uniquely once a certain congruence is 
fulfilled. Therefore, 

N ke = #{r 2 | gcd(r 2 ,a6) = 1, CD holds, -r|6 = 7?g& (mod fc&fe)}. 
Note that 

gcd(7?g&,fo& 3 £fo0 = gcd(7f^3,C4^6,7|6) = gcd(ri,C6,7f6) = 1 

and 

gcd(6, k t $&&) = gcd(6, fci) - gcdfe, e4&&,7?tf&) = !• 
Therefore, it is enough to sum over all kil^^^e with gcd(A;^, Ti^i^^a) = L 

and since fcfl^s^ implies gcd(fc^,ri) = 1, we reduce to gcd(A^, ^^2^3) = 1- 
This implies that there is a unique integer g satisfying < g $J fcfCfdCs an d 

gcd(p, fe^£f £4 £5) = 1 such that 

t 2 = QTiii (mod fe^fffCs) and -g 2 £ 2 = Ti£ 3 (mod fc.e£!£!£5)- 
We have 



TV = 



E 



/j.{ki) 



E 



gcd(fc f ,C 1 { 2 { 3 ) = l 



where 



N ke {g) = #{r 2 I gcd(T 2 ,£i£ 3 ) = 1, ED holds, r 2 = gr^i (mod fc^ 3 £|£ 5 )}. 
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We also know that gcd(pri£i, fcfCf^f^s) = 1- Now we can a PPly Lemma El to 
the characteristic function 



1, if gcd(n,£i£ 3 ) = 1 
0, else. 



X(n) 
Since 

t n H)-nH) -*•«*>■ 

gcd(d,fcf£f£2f 6 )=l ptfefC|«4«5 

where we use gcd(£i£3, fcfCf^ICs) = 1 an d the notation 0*(n) := <j>(n)/n as in 
(5.10) of dlBB03, we conclude 

N M = ^M^ 9r(n/X 1 ,X ) + O(2^), 

where X^giiri/ X\, Xq) gives the total length of the intervals in which T2 must 
lie by JOJ, with 



= / Id*. (5.4) 

J {teK\\tv 3 \^i,\t 2 +u 3 \^i} 

By equation l|4.1|l . the number of integers g with < g ^ fc^CldCs such that 
gcd(p, fc^fCfCs) = 1 and -g 2 £ 2 = ti£ 3 (mod ktQQ^) is at most 

?7(66n;fc^!60 < 2<^«?^ < 2 ^« 4 « 5 «°). 

This gives as the first step towards the proof of Theorem ^ 
Lemma 10. 

N = 73^Si(n/*i,*o)£(£,,Ti) +0(?'&M+"tete*M-*>toG>M) i 
where 

E(6,n) = E ^ E 1 

gcd(fe«,$i£ 2 £3)=l 

Now we show that the error term suffices for Theorem ^ by summing it over 
all the £i,Ti which satisfy the height conditions l|5.2|) and l|5.3|l : we can ignore 
the coprimality conditions (|3. 3|) . I|3.4|l . (|3.5(l . We obtain: 

x t 



< 2 w( ^ 3)+ " ( ^ 455< = 6)+L,j( £ 4< ^ 6) 



^o 4 



E 2 ^(€lg3)+^(g^4£5g6)+a'(£4S5$6) ^ 
t(2, 2, 3. 1,2.3,4) 

«B(lo gj B) 2 ^ - 



£(2,2,3,0,2,3,4) 



<B(logB) 
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For we have used the estimate 

^2 W <") <x(loga;) 

together with partial summation. 

Therefore, we only need to consider the main term when summing over t%, £i 
in order to prove Theorem^ 

5.2 Summation over r% 

For fixed £2, • • • , £e satisfying and 1)5. 2|l , we sum over all T\ satisfying the 
coprimality condition (|3.4|) and the height condition l|5.3|) . Let 

T] . E) holds 
gcd(Ti,^ 2 ?34f?4?556) = l 



First, we find an asymptotic formula for 



gcd(fc,,6«2?3) = l gcd(e,^f?£f 5 )=l 



where 

gcd(n, = 1, 

= ri6 (mod A^f^s) 



NUQ,bi,b 2 ) = #<nG[bi,b 2 ] 



We have gcd(g 2 ^2, fcfCfCf^s) — 1- Therefore we can replace the condition 
gcd(ri , 66^6^5^) = 1 by gcd(ri , = 1 in the definition of N' ke {g, h,b 2 ) 

and perform another Mobius inversion to obtain 

N( bl M) E ^ E tf*o E 

g cd(fcf^ 1 5 2 5 3 )=i gcd(fei,fe^|f2s B )=i gcd( e ,^«|«J«5)=i 

where 

^, fel (e,6i,6 2 ) = #{n £ [h/k 1 ,b 2 /k 1 ] | = fciri6 (mod 

Note that we must only sum over the fci with gcd(fci, fc^£f Cf^s) because of 

gcd( e 2 6,^KK 5 ) = i. 

Let a = a(^i, fci, ki) be the unique integer such that < a ^ fc^£f £|£s arL< ^ 

-6 = ha£ 3 (mod fe^f^s). 

Then -g 2 £ 2 = km £3 (mod fc^f^ffs) if and only if n = ag 2 (mod fc^£f£ 5 )- 
Since gcd(^2, fcfCfflCs) — 1j we have gcd(a, fcf^f^fCs) = 1. Using Lemma|3 we 
conclude 

K,kM b i,b 2 ) = VTwki +r(b 1 /k u b 2 /k 1 ,ag 2 ,k e $ed 5 ) 
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where, by definition of 



r. 



,, ., , ... > , ,.■„■>, , r f bi/h - ag 2 \ fb 2 /k 1 -ag 2 
r{b 1 /k 1 ,b 2 /k 1 ,ag , fc*£?66) = ^ , . 3 . 2 . — - ip ' 



Let 



= 



r (fr6W(666666) ^oJieiSSge.e,)) » holds, 

0, otherwise. 



Then for any b\ < b 2l we have 

M(b 1 ,b 2 ) = #(o-(b 2 -bi) + ii(b 1 ,b 2 ) 

where 

»(6i,6 a )=^*(66) E ^ E "fto E 

gcd(T«,£ 4 £ 5 £6)=l gcd(fc 1 ,/c (! 5f5|e 5 ) = l gcd(e,fc^|£|£ 5 )=l 

r(bi/k 1: b2/h,ag 2 , fc^f £46). 
By partial summation, we obtain 



tf(6)*iX 



^'(6) = : ^^ 2 52(^o) + #(6) 



6.66 

with 

fla(u) = / gi(u,v)du (5.5) 

,/{«eR||MD 4 |sji} 

and 

#'(6) = ^S- I ° (A3i)(u,x )7e(-x 1 /x 4 ,x 1 u)d w 

where -Di^i is the derivation of 171 with respect to the first variable. 
Lemma 11. For any 6 cls in I|5.2(l . we ftave 

tf(6)M 2 
6 3 6?6 

where the error term i?'(6) satisfies 



R'(^) = 0(BlogB). 

fj, IT5l . l5~2l ftoids 

Proof. By Lemma |H1 we have 

7i(6 1) 6 2 )«e^(66) E ^ E IMfci)l(^6 3 6 2 6) 1/2+e 

gcd(Tf,aSB«6)=l gcd(fcl,fe^efe2?5)=l 

< £ Hh)\ IM*i)l(£?£6) 1/2+< 

gcd(Tf,C4«5?6) = l gcd(fcl,feif|e2e 5 ) = l 

^ 2"(^?5? 6 )+^(?2«3? 6 ) (£| £2^1/2+6 
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Therefore, 

Summing this over all £j ^ B, we get using ()5.2|) 
2. H ^<<^ xmm5 y/2-J 



E3, E3 how 



£(l,2,2,3/2-3e,2-2e,5/2-e,3) 

<<: V # log-g o^iU&M+^i^tie) 

C(0,2,2,3/2-3e,2-2e,5/2-e,3) 

•CSlogB □ 

5.3 Summation over £j 

Define 

£^£(2,3,4,3, 4,5,6) _„ S£S4St> 

We sum N'(£i) in Lemma ITTI over the seven variables £j such that the co- 
primality conditions lj3.3|) and the height condition l|5.2|) hold. Note that the 
definition of ensures that the main term of N'(£i) is zero if (|3.3|) is not 

satisfied. In view of Lemma [51 this implies: 

Lemma 12. We have 

Nu, H {B) = B 5 / 6 J2 A(«)52((n/i?) 1/6 ) + 0(B(logB) 2 ). 

6 Proof of Manin's Conjecture for 5 

Our argument is similar to dlBB04 . We need to estimate 

M(t) :=$>(*) 

for t > 1. Therefore, we consider the Dirichlet series F(s) := Y^n=i A(n)?i~ s . 
Observing 

X X X 2 B5/6(^(2,3,4,3,4,5,6)-)l/6 

we get 

f 2s+l c 3s+lMs+l e 3s+l e 4s+l f 5s+l t 6s+l ' 
c. SI S2 S3 S£ ?4 S5 S6 
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and writing F(s + l/6) = J\ F p (s + l/6) as a product of local factors, we obtain: 
F p (s + 1/6) =1+ , [ -A— -+ ' ' : ' 



+ 
+ 



^pA 6 s+l _ 2^ _ 2 pA 3 s+l^Ais+l _ 

p\ 6 s+l j pA£S+lpA 6 s+l 



(1 — l/p)p" >12 ' s + 1 pA,.s+l _ ^ p\4.s+l^p\ e s+l _ ]^ 
p X e s+l p \ 6 s+l \ 1-1/p 



pA 5 s+l ^jA^s+1 — l)y pAis+1 _ ^ pA { s+l _ ± 



for any prime p. 

Since l/p x * s+1 = O e (l/pV2+e) for s g ft := {s G C | Re(a) ^ -1/12 + e} 
and i G {1, 2, 3, £, 4, 5, 6}, we have 

jr p(a + i/ 6 ) = l + £ * +0, (-1- 
for sGH, and defining 

em - n ^ a « s + x ) = + i )^ 3s + : ) 2 ^ 4s + i ) 2 ^ 5s + i )^ 6s + !)> 

we have 

^) = 1 ~ S ^aUTT + ° e (^) 

for seH. Define 

G(s) := F(s + l/6)/£(s) 

for 3?e(s) > 0. Then G has a holomorphic and bounded continuation to H. Note 
that 



<*»-nK) 7 K + £). 



V 

and that for s — > 0, we have 

Therefore, the residue of F(s)t s /s at s = 1/6 is 

_ ecw^Qiflogt) 

RebW " 6!. n ,A 4 
for some monic polynomial Qi of degree 6. 
Lemma 13. M(t) = cj Q a(S) ■ G^^Q^logt) + O e (t 1/6 ~ 1/24+e )- 
Proof. Integrating Perron's formula for M(t) over t, we have 

/ M(u)du=— F(s)- — ds 

for t > 1 and e > 0. 
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We apply Cauchy's residue theorem to the rectangle with vertices 

1/12 + e - iT, 1/12 + e + iT, 1/6 + e + iT, 1/6 + e - iT, 

for some T > 1, where e > is sufficiently small. 
By the convexity bound 

C(l + a + i r)« e |rr ff / 3+e 

for any a G [—1/2, 0), we have 

F(l/6 + cr + i T ) < E{a + ir)< e |Tr 9cr+£ 



(6.1) 



for any a E [—1/12 + e. 0), using A,-)/3 = 9 and that G(cr + it) is bounded. 
For the ray going down from 1/6 + e — iT, we get 



1/6+e 



1/6+e 



F(s)i 



s+l 



s(s + l) 



d.s 



|F(l/6 + e + icr)||i 7 / 6 + e+i<T | 
|(l/6 + e + zfT)(7/6 + e + ia) 



d<7 



t 7/6+ t 



■dcr 



where we use that F(s) is bounded for 3?e(s) 1/6 + e. Integrating from 
l/6 + e + iT to l/6 + e + ioo gives the same result. 
For the lower edge, we estimate 



1/6H 



-iT 



F(s)t 



s+l 



1/12+e-iT 



s(s + l) 



d.s 



er-iT 



|F(l/6 + t j-zT)||^/ 6 + 
-i/12+e |(l/6 + < 7-iT)(7/6 + <r-iT)| 

y9/12+e^-7/6+e 
J"2 ' 



da 



because (|6.1|l gives a bound for —1/12 + e ^ cr ^ — e, F(s) being continuous 
gives a bound in an e-neighborhood of 1/6 — iT, and the length of the integration 
interval is 1/12. For the upper edge, we obtain the same bound. 
For the edge on the left, we have 



1/12+e+iT 



F(s)t 



s+l 



1/12+e-iT s(s+l) 



<e 



r |F^(1/12 + e + icr)||^ 13 / 12 + e +^| 
T |(1/12 + e + icr)(13/12 + e + icr) 

T 1^19/12+6^13/12+e 
-T 



dff 



(1 



■dcr 



Cr 



« i 13 / 12+£ 



since the integral over a is bounded independently of T, and using l|6.1|l again. 
Taking T — t, we have proved 

f M(u)du= f Res(w)dw + O e (i 13/12+e ). 
Jo Jo 



But now 



1 /■* 1 /" t+ff 

- y M(«)d«<M(t)<- y 



M(u) d-u, 
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and for H ^ t/3, both integrals are equal to 

Res(t) + O e {Ht 5 ^ (log tf + H-H 13 / 12+e ). 

The proof of the Lemma is completed by choosing H = £ 23 / 24 and noting 
that uj = G(0) and a(S) = (SlUi^i) -1 by the definitions of lu and a(S) 
in Lemma □ 

By partial summation we conclude 
J2 A(n) 52 ((n/5)V6) 

= u; a(S) ■ 6 ( B g 2 {u l ' 6 /B 1 / (i )^{u 1 l & Q 1 {\ogu)) du + O^B 1 '^ 1 ' 2 ^) 
Jo au 

= B^ 6 u a(S)-6 [ g 2 (v)Q 2 (logB + 6logv)dv + O e (B 1 / 6 - 1 / 24+£ ) 
Jo 

for some monic polynomial Q 2 of degree 6. Considering definitions (|5.4(l and 
(|5.5(l . note that 



^oo = 6 / 5 2 (w)dw. 

J{ueii|o^D<i} 

Together with Lemma El this completes the proof of Theorem ^ 
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